We discuss a generalization of N = 6 three-algebras to N = 5 three-algebras in connection to anti-Lie triple systems and basic Lie superalgebras of type II. We then show that the structure constants defined in anti-Lie triple systems agree with those of N = 5 superconformal theories in three dimensions.
Introduction and summary
as those defining a 'symplectic three-algebra' in [15] . Furthermore, this is indeed an anti-Lie triple system.
In this note, we generalize the N = 6 three-algebras defined in [10] to N = 5 threealgebras. We show that the N = 5 theories can be formulated in terms of anti-Lie triple systems which are obtained from basic Lie superalgebras and thus related to N = 5 three-algebras. We explain how the N = 5 three-algebras in turn lead to N = 6, 8 three-algebras by imposing further conditions in the definition. After reviewing the construction in [16] of N = 5 theories, we study the possible representations of the structure constants in section 5 and show that the representations agree with [7] .
Graded Lie superalgebras
In this section we review some facts from the theory of Lie superalgebras. For details, we refer to [17, 18] . Any Lie superalgebra G can be written as a direct sum of two subspaces G (0) and G (1) (the even and odd part) such that
where the subscripts are counted mod 2. A Lie superalgebra G may also be written as a sum of subspaces G k for any integer k, such that G k ⊂ G (0) if k is even and G k ⊂ G (1) if k is odd. Then G is said to have a consistent Z-grading. When we henceforth talk about a 3-graded or 5-graded Lie superalgebra we refer to a consistent Z-grading such that G k = 0 for |k| ≥ 2 or |k| ≥ 3, respectively. It follows from (2.1) that G (0) is a subalgebra (which is an ordinary Lie algebra) and that G (1) is a representation of G (0) . The Lie superalgebra G is said to be classical if this representation is completely reducible. Then there are two cases, which divide the classical Lie superalgebras into two types: type I and type II. The representation of G (0) on G (1) is either a direct sum of two irreducible representations (type I), or irreducible (type II). A classical Lie superalgebra G is said to be basic if it admits a non-degenerate bilinear form κ that is invariant, which means
for all x, y, z ∈ G. This bilinear form will furthermore satisfy
for all x ∈ G (p) and y ∈ G (q) . Thus it satisfies the requirements for an inner product [18] . We will occasionally write κ(x, y) = x|y .
Any basic Lie superalgebra admits a 3-grading if it is of type I, and a 5-grading if it is of type II. The inner product is such that κ(x, y), where x ∈ G i and y ∈ G j , is nonzero only if i + j = 0. There is also an antilinear map τ : G k → G −k such that τ 2 (x) = (−1) p x for any x ∈ G (p) , and
for any x, y ∈ G. We call such a map τ a graded superconjugation. The antilinearity of τ means that τ (αx) = α * τ (x) if α * is the conjugate of a complex number α. Let G be a basic Lie superalgebra with inner product κ and graded superconjugation τ . Let M m be a basis for G (0) and Q a a basis for G (1) . Then we write
Let k mn and ω ab be the inverses of k mn and ω ab ,
We use these tensors to raise and lower indices (with the convention X a = ω ab X b and X a = −ω ab X b ). Now there are structure constants (t m ) ab and f mn p such that
We will use these structure constants in the next section to construct the structure constants of an anti-Lie triple system.
Three-algebras and triple systems
With a triple system we here simply mean a complex vector space V with a triple product f : V × V × V → V that is linear or antilinear in each argument. By imposing further conditions, one obtains different kinds of triple systems, some of which are called 'three-algebras'. The original notion of a three-algebra [1] was generalized in [4] . In [10] these triple systems were called N = 8 three-algebras and N = 6 three-algebras, respectively. We will follow the terminology in this note, but also generalize the notion further to triple systems that we call N = 5 three-algebras.
Three-algebras
An N = 5 three-algebra is a triple system V with a triple product f : V × V × V → V and an 'inner product' h : V × V → C, such that (i) the triple product (xyz) ≡ f (x, y, z) is linear in x and z but antilinear in y:
for any complex number α (where * is the complex conjugate),
(ii) the triple product satisfies
where K xy (z) = (xzy) + (yzx), (iii) the inner product x, y ≡ h(x, y) is linear in x and antilinear in y,
(iv) the inner product satisfies
(v) the inner product is positive-definite.
By imposing further conditions one obtains N = 6 and N = 8 three-algebras. An N = 6 three-algebra is an N = 5 three-algebra with K xy = 0 for any x, y. This means that the triple product is antisymmetric in the first and third arguments, (xzy) = −(yzx).
(3.6) Thus (3.3) is trivially satisfied. An N = 8 three-algebra is an N = 6 three-algebra V with a conjugation C (an antilinear involution) such that the triple product satisfies (xC(y)z) = −(yC(x)z) and the inner product h is real. This implies that the triple product is totally antisymmetric and that the inner product is symmetric.
Anti-Lie triple systems
An anti-Lie triple system is a triple system with a triple product [xyz] that is trilinear and satisfies
[xyz] = [yxz], (3.8)
With the opposite sign in (3.8) we would get a Lie triple system instead. The anti-Lie triple systems in [15, 16] , furthermore, have a bilinear form such that
This is also true for the quaternionic anti-Lie triple systems considered in [13] , but these have in addition a 'quaternionic' structure, which is a vector space automorphism J such that J 2 = −1 and
Connection to Lie superalgebras
For any Lie superalgebra G, the odd subspace G (1) is a triple system under the triple product
where X, Y, Z ∈ G (1) . The general properties that such a triple product satisfies (by the Jacobi superidentity and the symmetries of the superbracket) are exactly those that define an anti-Lie triple system (in the same way as an ordinary Lie algebra leads to a Lie triple system). The structure constants can be obtained from (2.7),
Conversely, any anti-Lie triple system gives rise to a Lie superalgebra G [19] .
In the case of a basic Lie superalgebra G with a 3-or 5-grading, the graded superconjugation τ becomes a quaternionic structure J on the anti-Lie triple system G (1) . We can use τ to decompose each element X ∈ G (1) into a sum X = x + τ (y), where x, y ∈ G −1 . Since G is either 3-or 5-graded, we have
for any x, y, z ∈ G −1 . Then, by use of the Jacobi superidentity, any triple product (3.12), where X, Y, Z ∈ G (1) , decomposes into a sum of triple products
where x, y, z ∈ G −1 . It is straightforward to verify that G −1 now satisfies the definition above of an N = 5 three-algebra with the triple product (3.15) and the inner product
Furthermore, when G is 3-graded, the N = 5 three-algebra reduces to an N = 6 threealgebra. We have thus shown that an anti-Lie triple system obtained from a basic Lie superalgebra gives rise to an N = 5 three-algebra.
In this note we show that the anti-Lie triple systems that have been used in N = 5 theories can be obtained from basic Lie superalgebras of type II. Thus they give rise to N = 5 three-algebras that could be used instead of anti-Lie triple systems. Since the N = 5 three-algebras, unlike anti-Lie triple systems, are generalizations of the N = 6 three-algebras, they are (in our opinion) more natural to use in the construction of N = 5 theories. These could then be unified with the N = 6 theories in a way similar to the approach in [15] . Such a construction was performed in [20] showing explicitly that N = 5 three-algebras indeed lead to N = 5 theories.
Construction of the N = 5 theory based on anti-Lie triple systems
Here we review the construction on N = 5 theories by Bagger and Bruhn [16] . Keeping global symmetry to be Sp(4) R-symmetry, they found non-trivial supersymmetry transformations 1
where Z Ad , Ψ d D are the scalars and fermions, respectively, transforming in the bifundamental representation of the gauge group, and A µ a d denote the gauge fields. The capital letters A, B, . . . are for sp(4) R-symmetry indices, and lower case letters a, b, . . . for gauge group indices. The sp(4) invariant tensor ω AB satisfying ω AB ω BC = −δ A C is used to raise and lower the indices, e.g., X A = ω AB X B and X A = −ω AB X B . In the same way, the gauge indices are raised and lowered by an invariant tensor J ab J bc = −δ a c . The structure constants
satisfy the cyclicity condition
1 It is not difficult to see that the supersymmetry transformations (4.1) are equivalent to those in [5] by introducing an embedding tensor
and the fundamental identity g abhe g e f cd + g abf e g e hcd + g abce g e dhf + g abde g e chf = 0, (4.4) which is of the same form as that for N = 6 theories. The supersymmetry algebras close on a translation and a gauge transformation. For instance, the supersymmetry transformations on the scalars are given by
where ξ BC are real antisymmetric supersymmetry transformation parameters and the gauge transformation is given by
The representations of g abcd are characterized by so(m) and sp(2n) algebras. Then the combinations that satisfy (4.3) and (4.4) are
where a, b, . . . denote the indices for so(m) and i, j, . . . for sp(2n). The first combination (4.7) leads to sp(2n) ⊕ so(m) transformations
The second combination (4.8) leads to sp(2mn) transformations
it then follows from the fundamental identity that
where λ 3 bc = −f (λ 1 ) e c λ 2 be − f (λ 1 ) e b λ 2 ce . This means that the gauge transformations act as a matrix commutator, implying that they indeed form a Lie subalgebra. In what follows, we examine how these N = 5 theories can be understood from the anti-Lie triple systems.
Connection to anti-Lie triple systems
We now relate the three-algebra constructions to the anti-Lie triple system that we discussed in section 3.2. First we introduce the basis of the Lie algebra of the gauge transformations such that the fields take the form of Z A = Z A a T a . Then the anti-Lie triple product is given by
where, by construction, the first two indices are symmetric g abc d = g bac d . The structure constants are given by
The identity (3.7) implies that the gauge transformation acts as a derivation
It is straightforward to see that (3.7) is equivalent to the fundamental identity (4.4).
Basic Lie superalgebras of type II
The Lie superalgebras B(m, n) and D(m, n), are the algebras osp(m|2n) for m = 1 and m = 3, 4, . . .. When m = 2 we have instead osp(2|2n) = C(n + 1), which is a basic Lie algebra of type I, and thus associated with an N = 6 three-algebra, see [10] . As a first example we consider osp(1|2N ). Its even subalgebra is sp(2N ), spanned by N (2N + 1) symmetric generators M IJ , and the odd subspace is spanned by 2N generators Q I , where I, J = 1, . . . , 2N . The commutation relations read
where Ω IJ is the antisymmetric invariant tensor of sp(2N ) satisfying
The inner product is given by Q I |Q J = Ω IJ . Using this, we find that the structure constants of the anti-Lie triple system are
The even part of the Lie superalgebra F (4) is su(2) ⊕ so(7) spanned by the su(2) generators S i (i = 1, 2, 3) and the so (7) generators M ab (a, b = 1, . . . , 7). The odd part is spanned by Q αm where α = +1, −1 and m = 1, . . . , 8. The commutation relations [18, 21] are
where v is a normalization constant, σ i are the Pauli matrices, C (2) = iσ 2 ,C is the 8 × 8 charge conjugation matrix with 12) and Γ a are 8-dimensional gamma matrices satisfying {Γ a , Γ b } = 2δ ab . The inner product is then Q αm |Q βn = ǫ αβCmn and the structure constants are
where we used the completeness relations of the Pauli matrices 14) and the cyclicity condition
One may takeC mn = δ mn and v = −1/2 to obtain
G(3)
The even part of the Lie superalgebra G(3) is su(2) ⊕ G 2 spanned by the su(2) generators S i (i = 1, 2, 3) and the G 2 generators M ab (a, b = 1, . . . , 7) obeying ξ abc M ab = 0 [18, 21] , where ξ abc is a totally anti-symmetric G 2 invariant tensor whose nonvanishing components are
The odd part is spanned by Q αa (α = +1, −1). The commutations relations are The even part of the Lie superalgebra D(2, 1; α) is so(4) ⊕ sp(2) spanned by the antisymmetric generators M ab (a, b = 1, . . . , 4) and the symmetric generators M ij (i = 1, 2). The odd part is spanned by generators Q ai . It has a free parameter α = −1, 0 [18] . The commutation relations are of the same form as (5.9) (with ǫ ij instead of J ij ) except for
where ε abcd is the totally antisymmetric invariant tensor of so(4) and β is a free parameter. Comparing with the construction in [18] we find that the relation between α and β is 
